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Abstract
It has been conjectured that a complete set of mutually unbiased
bases in a space of dimension d exists if and only if there is an affine
plane of order d. We introduce affine constellations and compare their
existence properties with those of mutually unbiased constellations.
The observed discrepancies make a deeper relation between the two
existence problems unlikely.
Two orthonormal basesB andB
′
of a d-level quantum system aremutu-
ally unbiased (MU) if |〈b|b
′
〉|2 = 1/d for any two states |b〉 ∈ B and |b
′
〉 ∈ B
′
.
This means that the probabilities for a transition of a quantum system pre-
pared in the state |b〉 ∈ B into a state |b
′
〉 ∈ B
′
are independent of both the
initital and the final state [1].
It is known how to construct triples of MU bases in Cd for all values of
d ≥ 2 [2]. The construction of (d + 1)-tuples of MU bases [3, 4, 5] can be
based on Galois number fields or, alternatively, on fundamental number-
theoretical identities both of which, however, only exist if the number d is a
prime or a power of a prime. Since the state space Cd of a d-level quantum
system acccomodates at most (d+ 1)MU bases, the question of how many
MU bases exist in spaces of composite dimension such as d = 6, 10, 12, . . .
arises naturally. While it seems unlikely that composite dimensions sup-
port complete sets of MU bases, no definite answer has yet been found.
Spaces of composite dimension appear to be “more generic” (or “less spe-
cial”) than those of prime or prime power dimension—the known construc-
tions of complete sets of MU bases (see [6] for a review) are based on math-
ematical structures existing for prime (power) dimensions only.
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In dimension six, extensive numerical studies [7, 8] support the view
that certain subsets of (d + 1)-tuples of MU bases, known as MU constel-
lations, do not exist. Clearly, if a complete set of seven MU bases were
to exist in C6, then any MU constellation obtained by removing some of
these d(d + 1) vectors would exist as well. Consider, for example, the MU
constellation {5, 5, 3, 1}6 (≡ {52, 3, 1}6). It consists of four sets of orthonor-
mal vectors in C6 containing 5, 5, 3, and 1 elements, respectively, and the
squared modulus of the scalar product between vectors taken from differ-
ent sets equals 1/6. While this MU constellation of 14 vectors has been
identified by numerical searches, other MU constellations with the same
number of vectors such as {5, 4, 3, 2}6 or {5, 33}6 have not been found, in
spite of numerical efforts considerably larger than those needed to identify
{52, 3, 1}6.
In an attempt to get a handle on the existence problem for complete
MU bases, it is natural to search for existence problems similar in spirit. A
promising candidate are finite affine planes [9]: these geometric structures
consist of a finite number of points which satisfy the following postulates:
(i) any two points determine a unique line; (ii) given a line and a further
point, there is a unique line through this point disjoint from the given line.
Trivial realizations of finite affine planes are excluded by the requirement
that (iii) there exist four points such that no three of them are located on a
single line. The order d of an affine plane is given by the number of points
on each line, and the entire plane can be foliated1 into d parallel (i.e. non-
intersecting) lines in (d+ 1) different ways.
Affine planes are readily constructed in terms of Galois fields if their
order d is a prime number or a prime power [10], in striking analogy to
the known constructions of MU bases [11]. The Bruck-Ryser theorem [12]
shows that affine planes of specific composite orders, d = 6, 14, 21, . . . , do
not exist, and computer-aided combinatorics rule out the existence of an
affine plane of order 10 [13].
The possibility of a link between the existence problems for MU bases
and affine planes has been voiced repeatedly [14, 15], with Wootters sug-
gesting the explicit correspondence [10, 16] that parallel lines of an affine plane
should correspond to operators projecting on orthogonal quantum states. Conse-
quently, foliations are associated with orthonormal bases. Saniga, Planat,
and Rosu [17] have elevated the link between MU bases and affine planes
to a conjecture:
“Non-existence of a projective plane of the given order d implies
that there are less than d+ 1 mutually unbiased bases (MUBs) in the
corresponding Hd, and vice versa.”
A projective plane of order d turns into an affine plane of the same order if
1A foliation is also know as a striation, or as a pencil in the mathematical literature.
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one line is discarded2, thus covering the original claim.
In this note, we will investigate the relation between MU bases and
affine planes in the light of MU constellations. Our observations will sug-
gest that the two existence problems actually exhibit less structural similar-
ity (at least in dimension six) than one would hope for on the basis of the
SPR-conjecture.
Let us introduce the main concept needed for our argument, defined in
analogy toMU constellations: an affine constellation 〈x0, x1, . . . , xd〉d of order
d consists of (d + 1) sets of xb ∈ {0, 1, . . . , d − 1} lines with d points each
such that (a) any two lines within each set do not intersect and (b) any two
lines from different sets have exactly one point in common. This notion is
easily understood by example. Given an affine plane of order d = 3, there
are four different ways to arrange all nine points on three non-intersecting
(parallel) lines. Ignoring, say, seven of these twelve lines (one foliation, two
lines of the second foliation and one each of the remaining two), we create
the affine constellation 〈22, 1〉3 (≡ 〈2, 2, 1〉3). It consists of three sets of 2, 2,
and 1 lines, respectively, such that the lines within each set indeed have (a)
no point in common while (b) lines belonging to different sets share exactly
one point.
Clearly, if an affine plane of order d exists, all affine constellations ob-
tained by removing one line or more also exist. If, however, for a given
value of d, some affine constellation is found not to exist, then an affine
plane of order d cannot exist. Assuming that the SPR-conjecture captures
a fundamental mathematical relationship between MU bases and affine
planes, one would expect the properties of affine constellations to closely
parallel those of MU constellations.
In prime power dimensions, parallel lines of an affine plane can be
associated successfully with operators projecting on orthogonal quantum
states. We now turn to the question whether this correspondence contin-
ues to hold for affine constellations, especially in composite dimensions
such as d = 6.
Let us begin with a few encouraging observations. A first important
property of orthonormal bases ofCd does have an analogue for affine planes:
there is only one way to complete (d − 1) orthonormal vectors of Cd into a
basis3 just as there is a unique line parallel to (d− 1) non-intersecting lines
of an affine plane4 of order d. Second, this last line is easily seen to intersect
only once with any other line which has only one point in common with
2Conversely, an affine plane of order d can be promoted to a projective plane of the same
order.
3This is the reason for listing only (d−1) states in aMU constellation: {53}6, for example,
denotes three MU bases in dimension six, containing six vectors each, although only 15
vectors are exhibited.
4Thus, we will also limit the number of lines necessary to specify an affine constellation
to (d− 1), so that 〈24〉3 denotes the affine plane of order three.
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each of the (d − 1) given lines. In the context of MU constellations, this
means that the dth line is automatically MU to all states which are MU to
the original (d − 1) states. Finally, given d different foliations of d2 points
by d lines, a (d + 1)st foliation must exist ([18], stated without proof5) pro-
moting the affine constellation 〈(d − 1)d〉d to the affine plane 〈(d − 1)d+1〉d.
An analogous property holds for MU constellations: given d MU bases, a
complete set of (d+1)MU bases {(d− 1)d+1}d can be constructed [18]. Here
the similarities end.
We now come to the main point of this note:
MU constellations and affine constellations do not match in dimen-
sion six.
To see this, let us consider 36 points which are known not to support an
affine plane of order six—the maximal number of foliations is three, not
seven [19]. The largest possible affine constellation (containing three foli-
ations) is given by 〈53, 4〉6 since adding a fifth line to the last four would
imply the existence of four foliations, a contradiction. This constellation ex-
ists: two (standard) foliations of 〈53, 4〉6 are given by the six horizontal and
six vertical lines, and Table 1 makes the remaining ten lines explicit using
the notation of a Graeco-Latin square for a pair of mutually orthogonal Latin
squares, or MOLS [9] (see the caption for details).
Now, a valid association of lines in an affine constellation with projec-
tion operators acting in C6 would suggest the existence of the MU constel-
lation {53, 4}6. However, as mentioned before, there is strong evidence for
the non-existence of the MU constellations {5, 4, 3, 2} and {53, 3}6 which im-
ply the non-existence of {53, 4}6 – and, a fortiori, of any MU constellation
“in between” since MU constellations form a lattice [8]. Thus, while Table 1
explicitly exhibits the affine constellation 〈53, 4〉6, its MU counterpart is un-
likely to exist. This is our main result, and it casts doubt on the (attractive)
idea of a deeper structural relation between affine constellations and MU
constellations.
Let us point out further mismatches in dimension six:
• The MU constellation {53}6 consisting of three MU bases related to
the Heisenberg-Weyl group cannot be extended by a single MU vec-
tor [2]. Thus, it is impossible to associate any of the four lines in the
5Given the affine constellation 〈(d−1)d〉d, consider those d lines of the d foliations of the
d
2 points that pass through an arbitrary point P . There remain d− 1 = d2 − (d(d− 1) + 1)
points that do not belong to those lines. The union of these d − 1 points with the point P
defines a line LP . Repeating this construction with a different point P ′ we obtain a line
LP ′ which either coincides with LP (if P ′ belongs to LP ) or is parallel to LP (if P ′ is not
on LP ). Ultimately, we end up with a new foliation consisting of d distinct, parallel lines
each of which, by construction, intersects any line of 〈(d− 1)d〉d in only one point. Adding
this foliation to the initial affine constellation, you obtain an affine plane 〈(d − 1)d+1〉d of
dimension d since the postulates (i) to (iii) are satisfied.
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54 2 · 3 · 63 11 42
1 · 53 64 4 · 22 31
2 · 62 51 3 · 44 13
61 1 · 4 · 52 33 24
32 41 23 14 5 · 6 ·
43 34 12 21 6 · 5 ·
Table 1: This (incomplete) Graeco-Latin square represents one foliation and
four additional lines of 〈53, 4〉6, the maximal affine constellation of order 6.
The first integer in each square indicates one of the six lines of the (non-
standard) foliation to which the corresponding point belongs. These inte-
gers are different in each row and column ensuring that each line has only
one point in common with the standard foliations consisting of horizontal
and vertical lines, respectively. Four more lines are defined by the second
integerswhich, again, they do not repeat within any line or column. Finally,
no two squares contain the same two-digit number to ensure that each of
the four lines intersects those of the third foliation in a single point only.
affine constellation 〈53, 4〉6 with such a vector once the three foliations
have been mapped to three Heisenberg-Weyl type MU bases (cf. [20]
for a similar argument in dimension 10).
• The columns of the unit matrix and the special (or Tao’s) matrix define
two MU bases which have been shown to be unextendible by two
orthonormalMU vectors, that is, to theMU constellation {52, 2}6 [21].
In contrast, nothing prevents us from extending any two foliations of
36 points by two lines to obtain the affine constellation 〈52, 2〉6.
• The unit matrix and the matrices of the Fourier family [22] provide
a two-parameter set of inequivalent MU constellations {52}6. How-
ever, a discrete set of 36 points cannot support continuous families of
affine constellations 〈52〉6.
Similar disparities also arise for constellations in prime and prime powers.
Suffice it to recall that for d = 4 the set of triples of MU bases depends on
three continuous parameters [23] and again, there is no room for continu-
ous families of affine constellations.
Strictly speaking, these mismatches between affine and MU constella-
tions do not directly affect the SPR-conjecture since it only relates complete
sets of MU bases to finite projective (and hence affine) planes, i.e maximal
affine constellations. Nevertheless, the conjecture is mathematically con-
siderably less attractive if its natural extension to constellations does not
hold. We feel that the discrepancies just described indicate the absence of a
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deeper structural similarity between the two existence problems.6
These observations clearly leave room for alternative links between af-
fine and MU constellations. It would be interesting, for example, to es-
tablish a weaker correspondence between foliations of d2 points and MU
bases in Cd for composite dimensions d = Πnpknn (with prime numbers
pn, positive integers kn, and increasing factors pknn ). Any such correspon-
dence would need to accomodate a number of known facts. There exist
(pk1
1
− 1) MOLS, [24, 9], giving rise to (pk1
1
+ 1) foliations from which one
may construct (pk1
1
+ 1) MU bases [25]. In infinitely many square dimen-
sions moreMU bases can be found [26]: for example, four MOLS in dimen-
sion d = 22 · 132 translate into six MU bases. Interestingly, a particular
construction of MU bases via MOLS which works for prime power dimen-
sions fails in composite dimensions such as d = 10 [20]. Furthermore, our
observations suggest that the correspondence might not be one-to-one in
some cases. The situation is complicated even further if one considers sets
of triples of MU bases in low dimensions: for d = 3, there is only one triple
of MU bases; for d = 4, there is a three-parameter family of MU triples; and
for d = 5, there is a pair of MU triples [21].
In summary, we feel that the observed structural discrepancies result
from the fact that state space of affine constellations is finite while Hilbert
space, the habitat ofMU bases, has room for families of states depending on
continuous parameters. Simply enumerating all possible candidates of lines
allows one to confirm the non-existence of an affine plane par épuisement
(which, in fact, lead to the first proof that there is no affine plane in dimen-
sion six [19]). Similarly, the computer-aided exhaustive enumeration of a
finite number of cases plays an important role in disproving the existence
of an affine plane of order 10.
It is true that promising approaches to prove the non-existence of com-
plete sets of MU bases reduce the problem to an algorithmic one such that
only a finite number of cases need to be checked [27, 28]. However, this
does not take away anything from the fundamental difference between the
state spaces of the two problems which, in our view, speaks against the
SPR-conjecture capturing a deep mathematical truth.
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